Abstract. In this paper we introduce a quotient class of pairs of convex bodies in which every member have convex union.
The space of pairs of convex bodies has been investigated in a number of papers [3] , [8] , [9] , and [12] . This space has found an application in quasidifferential calculus (cf. [1] , [5] , [7] , [10] ). A quasidifferential is represented as a pair of convex bodies and it is essential to find the minimal representation of this pair. The notion of minimal pairs was introduced in [5] and investigated in [2] , [6] , [7] and [11] . Some criteria of minimality are given in [6] . In this paper we investigate pairs of convex bodies with convex union. We introduced a quotient class of pairs of convex compact sets in which every member has convex union. Moreover some criteria for the convex class are given.
In this paper X = (X, τ ) stands for a real locally convex vector space, and X * denotes the dual space of X. Denote by K(X) the family of all convex bodies in X, i.e., of all nonempty compact convex subsets of X. If A, B are nonempty subsets of X, then A+B is the usual algebraic Minkowski sum of A and B. It may be showed that K(X) satisfies the order cancellation law; i.e. for every A, B, C ∈ K(X) the inclusion A + B ⊂ B + C implies A ⊂ C (cf. [12] ).Hence it follows that K(X) endowed with the Minkowski sum is a commutative semigroup satisfying the law of cancellation. Now let K 2 (X) = K(X)×K(X); the equivalence relation between pairs of convex bodies is given by: (A, Let f ∈ X * , A ∈ K(X) and c ∈ R. We denote by p A (f) := max x∈A f (x) the support function of the set A. Moreover, 
JERZY GRZYBOWSKI AND RYSZARD URBAŃSKI
Let A, B ∈ K(X). The class [A, B] := {(C, D) ∈ K 2 (X) | (A, B) ∼ (C, D)} is called convex if for every member (C, D) ∈ [A, B] the set C ∪ D is convex. Proposition 1. If dimX > 1, and A, B ∈ K(X), then A ∪ B is convex if and only if ∂(A ∨ B) ⊂ A ∪ B.
Proof. Necessity. For arbitrary sets
Sufficiency. Let dimX < ∞. Given any x ∈ A∨B with x ∈ A, there exist f ∈ X * and c ∈ R such that the hyperplane H 
In [4] the following is proved:
Lemma. If X is finite-dimensional and A ⊂ X is a convex set, then at any point x of the boundary ∂A of A there is a supporting hyperplane for A.
In the infinite-dimensional case, the above lemma does not hold true. For example let X = l 2 and we consider the Hilbert cube
The set A is compact and convex. It is easy to observe that p A (f ) > 0 for every nontrivial f ∈ X * . Since A is compact ∂A = A. Moreover, f (0) = 0 for any f ∈ X * . So, there is no supporting hyperplane at 0.
Proof. Necessity. Given any f ∈ X * \ {0}, we have
Sufficiency. Let x ∈ ∂(A ∨ B).
Since dimX < ∞, so from the lemma it follows that x ∈ H f (A ∨ B) for some nontrivial f ∈ X * . And we obtain from assumption x ∈ A ∪ B. Hence ∂(A ∨ B) ⊂ A ∪ B. Now, it follows from Proposition 1 that A ∪ B is convex.
Proof. We observe that
Hence from Proposition 2 we have that A ∪ B is convex.
Now, given any pair (C, D) ∈ K 2 (X) equivalent to (A, B), we have
We also have
Hence from the law of cancellation we have
This implies that
Hence we obtain from Proposition 2 that C ∪ D is convex. ii) Let X = R 2 and R > 0. Consider the closed ball B((0, 0), R) and let Figure 1) .
* , it follows from the above theorem that the class [A, B] is convex. Proof. Necessity.
Theorem 2. Let X = R 2 , A, B ∈ K(X). Then the class [A, B] is convex if and only if
It follows from the assumption that p A (f ) = p B (f) and the faces H f A and H f B are parallel segments and not one-point sets. In fact, H f A and H f B are contained in one line. Denote
We have It follows from these equations that H f A = e and H f B = J + e. Since H f B does not contain H f A then 0 ∈ J, and e ∈ J + e. Therefore, 
